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Fractal behavior of King’s optimal eighth-order iterative
method and its numerical application
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Abstract. In this paper, the stability of an optimal eighth-order single-parameter King’s
method is analyzed via fractal behavior. Under the M&bius conjugate map on the Riemann
sphere, we study the complex dynamic behavior of this iterative method. Firstly, supported
by studying the strange fixed points, we draw the corresponding stability planes. Through
defining a unified plane, we also obtain the global stability plane of the strange fixed points.
Secondly, by generating the dynamical planes of the iterative method corresponding to the
given parameters in the complex plane, we can get a stable parameter family. Finally,
by selecting the parameter c in the stable parameter family, we apply the corresponding
iterative methods to carry out numerical experiments, which illustrate the effectiveness and
stability of these iterative methods.
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1. Introduction

Fractals and the study of their dynamics is one of the emerging and interesting area
for mathematicians. A fractal can be created by the iteration of a rational function
on the complex plane. The Julia set [10] and the Mandelbrot set [14] generated by
iterative methods for the complex function f(z) = 22 + ¢ are examples of fractals.
The Mandelbrot set is in the parameter space and the Julia set is in the dynamical
space. The iteration of a rational function divided the complex plane into two parts,
i.e., the Fatou set [8] and the Julia set. The basin of attraction of any fixed point
belongs to the Fatou set; in addition, the boundaries of their basins of attraction
belong to the Julia set. The parameter spaces and dynamical planes can show the
complexity of the iterative method, which provides a new and important analytical
tool to explore family members with especially stable behavior and suitable for
solving nonlinear problems. More and more researchers are currently committed
to studying the stability of the iterative method. Researchers such as Cordero et
al. [7, 6, 5], Wang et al. [22, 23], Chicharro et al. [3, 2], and others [17, 20] have
described the stability of some famous classes of methods, including Jarratt, King,
Chebyshev-Halley, with the help of a parameter space and some dynamical planes.
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It is challenging to discover dynamical analysis of high-order (greater than 4) root
seeker families in the literature. The dynamic behavior of a three-point optimal
eighth-order single-parameter family will be analyzed in this paper. A variant of
the optimal eighth-order method under the Kung-Traub conjecture [12] using the
divided difference is proposed by King [11], and it is given by

_ o fa)
Yn = Tn f/(mn)7
zn = ¢a(Zn,Yn), (1)
Tn+l = Tn — f(m’rl)

mf(zn)? = nf(@n) + f(zn)’

where the first two steps are the fourth-order iterative scheme, and

f(yn) = f(@n)][f (yn) = f(z0)][f (zn) = f(20)] ’
—m[f(yn) — f(xn)]z — f'(wn) + flzn, yn)

fyn) = f(@n) 7
where f[,+] is a forward divided difference of order one.

Petkovié proposed a widely used optimal two-point fourth-order iterative method
in [16]. Its iterative scheme is as follows:

n =

(3)

Yn = Ty — f(iCn) 5
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Choosing p(t) = %(c € C) in (4), we get the iterative scheme:
f(@n)
Yn = Tn — —; 5

f'(zn) (5)

) P — 2f ()]
Tt =¥ = e B et ) = fam]

Using (5) as the first two steps of method (1), we attain the following single-
parametric family of eighth-order methods (OM):

_ _ f(mn)
R )

L felf ) — 27 )]
= Ty U el () — ) (6)
In+1 = Tn — -

mf(zn)? = nf(zn) + f'(zn)’

where m and n are defined earlier in expressions (2) and (3).

Our main interest in dynamical analysis of the proposed family of eighth-order
methods (6) is to observe the effect of control parameter ¢ on the dynamical planes
describing the evolution of the correlated state space over time. This analysis enables
us to avoid elements of bad behavior and adopt the most stable ones.
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Now, we recall several primary dynamical concepts [1]. Provided a rational
function R : C — C, where C is the Riemann sphere, the orbit of a point zg € Cis
defined as:

{20, R(20), R*(20),-- - , R"(20), - }.

Starting from the asymptotic behavior of their orbits, we classify the starting points
to analyze the phase plane of the map R. zy € C is called a fixed point if R(zy) = zy.
Moreover, zs is called an attractor if |R'(zs)| < 1, a superattractor if |R'(zf)| = 0,
a repulsor if |R'(zy)] > 1, and parabolic if |R'(z;)] = 1. A critical point z* is
a point where the derivative of the rational function vanishes, R'(z*) = 0. So, a
superattracting fixed point is also a critical point. A periodic point z of period
p > 1is a point such that RP(z) = z and R* # z, for k < p. A pre-periodic point is
a point z that is not periodic but there exists a & > 0 such that R¥(z) is periodic.

On the other hand, the basin of attraction of an attractor a € C is defined as
the set of starting points whose orbits tend to a:

Aa) = {20 € C: R™(29) = a,n — o0}.

The Fatou set of the rational function R, F(R) is the set of points z € C whose
orbits tend to an attractor. Among them, attractors include fixed points, periodic
orbits or infinity. Its complementary set in C is the Julia set, J (R), that is, the basin
of attraction of any fixed point belongs to the Fatou set; in addition, the boundaries
of their basins of attraction belong to the Julia set [15].

The remaining part of this paper is organized in five sections. Section 2 briefly
describes the preliminary study of the dynamics on C. In Section 3, an application of
the Mobius conjugacy map is investigated and also the strange fixed points of Ry (2)
and its stability are analyzed. In Section 4, we draw the dynamical planes of the
family (6) elements matched up with free critical points. In Section 5, we perform
numerical experiments on the proposed method and other methods. Finally, we
summarize the whole paper.

2. Primary conclusions on the Riemann sphere

Definition 1. Let f(z) be a holomorphic function with no singularity except acnodes
defined on the open interval U C C. Such a function f(z) is called a meromorphic
function.

Theorem 1. Let f(z) be a complex function. If f(2) is an infinitely differentiable
function on the Riemann sphere C and f'(z) = 0, then f(z) is a constant.

Proof. Let f(z) = u(x,y)+iv(z,y), (x,y) € C. Considering that f(z) is an infinitely
differentiable function on C, the following conclusions hold:
(1) u(x,y), v(z, y) are differentiable on C and du = u,dz+u,dy, dv = vedz+uv,dy.
(2) u(z,y), v(x,y) satisfy the Cauchy-Riemann condition on C: u, =1vy, ty = —v.
(3) f'(2) = ug + ivy = vy — tuy.
According to f'(z) = 0, we have uy, = vy, = 0,u, = vy = 0; then du = 0,dv = 0.
Thus u = ¢, v = ¢y are established, where ¢y, co are constants.
So, f(2) = u+iv = ¢1 + ica, that is, f(2) is a constant. O
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Theorem 2. f(z) is a meromorphic function on the Riemann sphere C if and only
if f(z) is a rational function on the Riemann sphere C.

Proof. (<) Apparently established.

(=) Let f(z) be a meromorphic function on the Riemann sphere C and let
21,292, , 2k, 00 be acnodes of f(z) on the Riemann sphere C. By using the Laurent
expansion of z1, 22, -+ , 2k, 00, we have:

The singular parts of the Laurent expansion of z1, 2o, - - - , 2, 00 are

) )

—my

¢](2): 9 (j:1727"'7k)7

Z— 2 z — zi)"i
j (z — z)

and p(z) =co + 1z + -+ 2™
The differentiable parts of the Laurent expansion of z1, 22, - - - , 2, 00 are ¢;(2)(j =
1,2,--- k) and ¢(z2).

k
Let F(z) = f(z) — p(2) — > ¢,(2), and F(z) is a meromorphic function on the
j=1

Riemann sphere C. F (z) is infinitely differentiable on the Riemann sphere C without
21522, 4 Rk, OQ.

Since
k
Jim F(2) = ¢i(z) = o(zi) — D 65z =1,2,--- k),
j=1
i
zli{I(}o F(z)=0. (7)
Therefore, z1, 29, - , 2k, 00 are removable singularities of F(z). F(z) is infinitely

differentiable on the Riemann sphere C after a supplementary definition.
k
Using Theorem 1 and (7), we obtain F(z) =0 . So, f(2) = ¢(2) — > ¢;(2) can
j=1

be a rational function; then this proof is completed. O

Lemma 1 (The scaling theorem). Let f(z) be an analytic function on the Riemann
sphere C, and let T(z) = az + b,a # 0, be an affine map. If h(z) = f o D(z),
then the fized points operator Ry is analytically conjugated to Ry, by I', that is,
FoRpol™! =R¢(z).

Proof. Theorem 1 in [21] has been proved. O

It can be seen from the above lemma that we can conjugate the dynamic behavior
of one operator with the related behavior of another operator by affine application.

Definition 2. Let (X, f) and (Y,g) be two dynamic systems. It is reported that f
s conjugate to g via h if there exists a homeomorphism mapping h : Y — X such
that ho f = go h. Like a mapping, h is called a conjugacy.
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Theorem 3. Let f and g be defined by Definition 2 of class Ct let and there exist
a conjugacy h between X and Y. Besides, let T be a fixed point of g. Then, the
following hold:
(a) The fized point property remains invariant under a topological conjugacy h, that
18,
T=g(7),

if and only if

h(r) = f(h(7)).
(b) The Poincaré characteristic multiplier of T by g, denoted by m(g,7), is invariant
under a diffeomorphic conjugacy h, that is,

m(hogoh™' (1)) = ¢'(1) = m(g,7).

Remark 1. The above theorem states that a conjugacy h indeed preserves the dy-
namical behavior between the two dynamical systems X andY, that is, two dynamical
systems under a conjugacy h; the fized point and its multiplier remain constant. For
instance, let f and g be conjugate to each other via h; if T is a fixed point of g, then
9(7) is a fixed point of f, and vice versa.

Furthermore, we detect f = hogoh™! and
S =(hogoh™)o(hogoh ) o -o(hogoh ) =hogmoh™".

If f and g are extra invertible, we can also discover f~' = hog ! oh™! and
f~™ =hog ™oh~!. Then the topological conjugacy h maps an orbit:

7f72(x)afﬁl(x)vxvf(x)vjd(x)a'"

of f onto an orbit:
9 W), 9 W),y 9(Y), 5 (), -

of g, where y = h(x). Thus, we discover the order of points is preserved.
Consequently, the orbits of the two maps behave similarly to homeomorphism h.
It is undoubtedly invaluable to explore the dynamical properties of conjugate maps.

3. Fixed points and stability

Based on topological invariance, we convert Ry in (6) to II by Mdébius conjugacy

map M(z) = - Z (a # b), satisfying the following:
P
. _ ®(z;a,b,5,¢)
I(z;a,b,s,¢) = Tiabso) (8)

when applied to polynomial f(z) = (2 — a)(z — b), where ® and ¥ are rational
polynomials whose coeflicients generally depend on parameters a, b, s, c. One of our
purposes is to minimize both ® and ¥ coefficients depending on parameters. Based
on the above conjugate, we discover that all the coeflicients of both ® and ¥ are
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only dependent on the parameter ¢ and independent of others. Accordingly, with
the symbolic computation power of Mathematica, (8) can be written as

28 y(z5c
I(z;¢) = %, (9)

where (2;¢) = 12 + 1062 + 42622 + 10282 + 16902* 4 202925 + 185625 + 131527 +
71428428529+ 78210+ 1321 + 212+ 22 (14 2)4 (24 2)2(1 4+ 224+ 22+ 23) —c(1+2)% (4 +
40z + 14322 + 26823 4 32324 + 27425 + 17025 + 7227 + 1828 4+ 229), w(z;¢) = 1+ (13—
2¢)z 4 (78 —22¢+¢?)22 + (285 — 110c+9¢?) 2% + (714 — 332¢ + 36¢%) 24 + (1315 — 686+
87¢?)2%+ (1856 —1041c+145¢2) 25+ (2029 — 1188¢+175¢2) 27 +2(845—501c+T75¢2) 28 +
(1028 — 594c +85¢2) 2% + (426 — 227c + 28¢2) 210 4+ 2(53 — 24c+ 2¢2) 2t — 4(—3+¢)212.

1 1 N
Lemma 2. Relation II(—;¢) = ——— yields ¥V c€ C and V z € C.
z II(z; ¢)

1 .
Proof. The proof is done using Theorem 3(a) via conjugacy h(z) = — ,Vz € C. O
z

Considering that M (z) is a fixed point of II for a fixed point z of Ry with
h—
M1(z) = zb—a

z is a fixed point of Ry and M(z) is a fixed point of IT under the

Mobius conjugacy map M (z) = S Z.
P
We will explore the fixed points of II(z;¢) and their stability. The fixed points
of TI(z; ¢) are given by the roots of:

2(z—1)(1+ 2+ 2%) - 0(z;¢)

I(z;¢c) — z = (20

; (10)

where 0(z;¢) = 1+ (13 — 2¢)z + (78 — 22¢ + )22 + (286 — 110c + 9¢?) 23 + (727 —
334c+36¢%) 2% + (1393 — 708c + 88¢%)2° + (2142 — 1151c+ 154¢?) 26 + (2744 — 1518c +
211c%)27 + (2977 — 1662¢ + 234¢?)2® + (2744 — 1518¢ + 211¢?)29 + (2142 — 1151c +
154¢?)210 4 (1393 — 708¢ +88¢?) 21 + (727 — 334c+ 36¢2) 212 + (286 — 110c + 9¢2) 213 +
(78 — 22¢ + )21 + (13 — 2¢) 210 + 210,

Let the Mobius conjugacy map M (z) = Z;Z be the conjugacy map, and the

following properties yield:
(i) M(a) =0; (it) M(b) = o0; (iit) M(o0) = 1.

Evidently, 2z = 0 or z = oo are two of their fixed points of I = M o R o M1,
regardless of the value of ¢. In spite of this, since II(0) = 0,II(c0) = oo, that is,
their orbits approach themselves, and such fixed points would have a slight affect on
the dynamics, so we do not do too much research on them. The fixed points except
{0, 00} are called strange fixed points, which differ from the roots of f(z). To achieve
additional strange fixed points, we have to respond to the equation II(z;¢) — 2z =0
in (10) for z for a given value of c. Through computation, we achieve the following
lemma.
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1 0
Lemma 3. Relation (=) = (—126) is obtained, ¥V ¢ € C and ¥ z € C.
z

Utilizing Theorem 3(a), the following corollary can be proved:

Corollary 1. Let II be defined as in (9). If n € C is any fixed point of 11, then so
1

s —.
n

We now investigate further strange fixed points and their stability in 3.2.

3.1. The fixed points and the strange fixed points

We first examine the existence of c-values for common factors (divisors) of 6(z;c)
and w(z;¢). In addition, both 6(z; ¢) and w(z; ¢) will be checked whether they have
factors (z — 1) and (1 + 2 + 22). The following theorem best describes the related
properties of such existence.

Theorem 4. )
(a) If c = 27 then 0(z;c) and w(z;c) have a common factor (2 + 3z + 22%)2.
41 2
b) If c1 = —,c0 = % then w(z;c) has a factor (z —1).
169
¢) Ifes=—,c4 = 7R then 6(z;c) has a factor (z —1).

(

( 4

(d) If c5 = %( —z\/_) c6 = (9+¢\/§), then w(z;¢) has a factor (1 + z + 22).
(€) ’

(

e) Ifcr=—,c8=2, then@(z ¢) has a factor (1 + z + 22).

f) If z # 0 is a c-dependent strange ﬁxed point of TI(z; ¢) found from the roots
of 0(z;¢) =0 forc ¢ {3,45,22 15 189 3 9 1(9— iv/3), (9 +iV/3)}, then so is 1
The strange fized points can be found from the 16 numerical roots of 0(z;¢c) =0 for
a given c.

l\D

Proof. (a) Suppose that 6(z;¢) = 0 and w(z;c¢) = 0 for some values of z € C. By
eliminating ¢ from the two polynomials, we obtain the relation (2 + 3z + 222)3 = 0.
Hence, (2 + 32 + 222), (2 + 32 + 222)2, (2 + 3z + 22?)3 are candidates for common
divisors of 0(z;¢) and w(z;c). First, dividing both 6(z) and w(z) to get the same
remainder 1 — 2¢, and when ¢ = 3, the remainder is 0. Certainly, 6(z) and w(z)
reduce to %(2 +32422%)%(1 + 92 + 3622 + 8423 4+ 1362" 4 1792° + 20226 + 17927 +
1362% + 8429 + 36210 4+ 92! + 2'%) and (2 + 3z + 222)%(1 + 9z + 3622 + 8323 +
12724 414325 + 1182% + 5327 4 102%), respectively.

Hence, we find that (2 + 32 +222)? is indeed a common divisor of 8(z) and w(z).
The remaining proof only needs to substitute the corresponding 6(z) and w(z) into
(10) and answer its roots to be the strange fixed points.

(b) We find w(1) = 9553 — 5256¢ + 720c? = 0 for ¢; = %,02 = % to have a
divisor (z — 1).

(c) We find 6(1) = 7(2535 — 1336¢ + 173¢%) = 0 for c3 = L2, ¢y = 12 to have a
divisor (z — 1).
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|—=

2
i(i+V3)(T—9¢+3¢?) = 0 and w((—1)3) = —Ji(—i+
V3)(7T=9¢+3¢%) = 0 for c5 = £(9—iV3), ¢ = %(9—}-2’\/5) to have a factor (1+z+22).

(€) We find 6(—(~1)3) = Li(i +v/3)(6—Te+2¢%) = 0 and 6((—1)5) = —Li(—i+
V3)(6 — Tc+2¢%) = 0 for ¢7 = 2, cg = 2 to have a factor (1 + 2z + 22).

(f) Considering Corollary 1, we find simply that % is also a fixed point of II(z; ¢).
We numerically acquire the strange fixed points z satisfying 6(z;¢) = 0 for given

values of ¢ ¢ {%, %, %, %, %, %,2, %(Q—i\/g), %(9—}—2’\/5)}. By Corollary 1, if we

(d) We find w(—(~1)3) =

[ LN S
~

8
know eight roots 71,12, - -, ns of 6(z;¢) = 0, then we can factor 6(z;¢) = [](z —

i=1
ni)(z — nl) A detailed analysis for the 16 roots of 6(z;c) will be shown later in
Lemma 5. g

3.2. Stability of the fixed points and the strange fixed points

In order to determine the stability of the fixed points, the derivative of II needs to
be calculated from (9):
/ 2" - K(z50)

II'(z;¢) = (z0) (11)
where £(z; ¢) = 96420462+209002%41361262° 463527622 +22653332°+6431636 25+
1496257127 +2912759228+ 4819055527+ 68527336210+ 84396809211 490421212212+
843968092134-68527336211+48190555215+291275922164+1496257121 "+64316362 5+
2265333294 635276220 + 13612622 4 20900222 4 2046223 + 96224 + 123 (1 + 2)8(28 +
2162+ 737224154823 +233924+ 268425 + 233920 + 154827+ 73728+ 2162° + 28219) —
322(142)5(88+11082+628422+2157723+5123424+910482°+126754264-141238 2"+
12675428 + 9104829 + 51234210 + 21577211 + 6284212 + 1108213 + 88214) + ¢22(1 +
2)4(92+16962 + 1401922+ 7022623 + 24230124 +6199862° + 123528820 + 198065827 +
260956428 + 28574202° + 2609564210 + 1980658211 + 1235288212 + 619986213 +
2423012 470226215 +14019216 41696217 +9221%) — (14 2)?(32+ 9002 + 1058222 +
735292% 434818824 412152182°4-328653020+ 713201227 +1273421425+190432742°+
241356622104+26100534211 4241356622 '2+190432742134-127342142114+ 7132012215+
3286530210 + 1215218217 + 34818828 4 73529219 + 10582220 + 90022 + 32272).

Obviously, fixed points 0 and oo, related to the roots of polynomial f(z) =
(z — a)(z — b), are superattracting points and also the critical points of TI(z;c)
owing to the right-hand side of (11). From the position of Corollary 2 (to be shown
later), the multiplier II'(z;¢) = 0 at z = oo is found from the analyticity of the
neighborhood of co on the Riemann sphere. The rest of this subsection will describe
in more detail the desired stability of the fixed points. By direct calculation, we get
the following lemma.

K(2)

1 .
Lemma 4. Relation k(=) = — is obtained, V A € C and V z € C.
z z

We first test the existence of c-values for common factors (divisors) of k(z) and
w(z). In addition, both k(z) and w(z) will be examined whether they have factors
of 27.
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The following theorem best describes the related properties of such existence as
well as explicit strange fixed points.

Theorem 5. 1
(a) If c = 3 then
27 k1(2)

(2 ¢) =
(%:¢) = 7579 7 3652 + 8329 1 12727 + 14375 1 1186 + 5327 £ 10792

where k1 = 80 + 1107z + 715622 + 2863723 + 798522* 4+ 1664872° + 27273226 +
36287327 + 39863228 + 36287329 + 272732210 4 16648721 + 79852212 + 28637213 +
7156214 + 11072 + 80216.

(b) If ¢ =3, then

—28 . Ka(2)

(2 ¢) =
(25 ) = A7 21277 3697 12517 10751 3820+ 40771 31751 11293710 2,11)7"

where ka(2) = 18 + 1422 + 36222 — 24223 — 40412* — 1312425 — 2672025 — 4201627 —
572922847210629—84311210—-89280212—72106213—57292214—-4201621°—26720216—
13124217 — 404128 — 242219 + 362220 4 142221 + 18222,

1
(¢) If c # 3 3, then, with the help of Theorem 7 (explained later in this section),

the expected stability can be graphically realized by changing the parameter c.

Proof. (a) Suppose that k(z) = 0 and w(z) = 0 for some values of z. By eliminating
c from the two polynomials, we obtain the relation: (2+3z+222)(1+ 16z +1182%+
541234173724 +41082° 4719626 +883527 +57722° — 33022% — 14643210 — 207722 —
16749z'2 — 513722 4+ 6150214 4 10877215 4900226 + 4648217 + 144428 + 19029 —
24220 — 8221) = 0. Hence (2 + 3z + 22?) is a candidate for common divisors of (z)
and w(z). After checking constraints
1 1 1
R(7(=3 = iVT)) = w(5 (=3 —iVT)) = 0, k(5
4 4 4
we find that ¢ = %, yielding common divisors.
(b) For k(z) to have a factor z, we obtain ¢ = 3 by solving x(0) = —32(—3+¢) =0

for c.
(c) Graphical stability of z can be easily realized by Theorem 7. O

(=34 V7)) = w(= (=34 V7)) =0,

FNg,

Corollary 2. Let n € C be any fized point of I defined in (9). Then the following
relation holds:

I (nic) = V(250),
n
for any c € C.

The consequences of Theorem 5 are utilized to express the stability of the fixed
points in Theorem 4, no matter what value ¢ is. Table 1 shows the fixed points
corresponding to the special parameter ¢ in Theorem 4 and the stability of these
fixed points, while ¢ in Table 1 denotes different parameters, n denotes the strange
fixed point, and g, f, e denote the repulsive, parabolic, and attractive fixed points,
respectively.
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169 3
44020

Theorem 6. Let ¢

F(II'| = 1), m = g(JIT’| > 1), respectively
Table 1: Stability of strange fized points n for special c-values

Next, we will discuss the stability of the fixed point z = 1 when ¢ ¢ {
2,39 —iv3), 2(9+iV3)}.
J (141288 15 169 3

27127607 47 4472’

related properties of the strange fixed point z =1 are as follows:
1
(a) If ¢ = %(1041 + 14V/3), then z = 1 is a superattracting point;

169
(b) If Yy <l

4821 4 14+/105

4821 — 14+/105

1284

1284

141 233 15
27127 60 4°

2, %(9 —iv3), é(9 +v/3)}; then the

15
le] < —, then z =1 s

4

5 o No_ of 1
M (n; )| : m
T
- 1 —0.5 + 0.866025i —0.662565 1.05715 —3.32978 + 0.7379573 19
2
6.64828 : g 3.76923 : g 1.16483 : g 9.10288 : g 1505.36 : g
—2.67946 + 1.89601i —1.43902 + 2.41158i —0.490573 + 0.356419i  —0.0456346 + 2.24362i  0.188601 -+ 0.577421%
1299.54 : g 740.797 : g 0.793037 : e 320.503 : g 0.826408 : ¢
0.936008 + 1.43909i
103.467 : g
41
— 1 —0.5 + 0.866025i —1.57805 + 0.527117i  —0.570084 + 0.190425i  —0.0101692 + 0.999948; 19
12
7.35119 : g 2.44547 : g 57.1192: g 57.116 : g 3.8602 : g
0.86664 + 0.498933i —1.73287 + 0.544017i  —0.525304 + 0.164914i  —0.343419 + 0.939182;  0.809927 + 0.58653;
5.39743 : g 35.4899 : g 35.49 : g 0.398073 : e 121007 : g
233
- 1 —0.5 + 0.866025i 0.716729 1.39523 —1.57199 + 0.485643i 19
60
65.6845 : g 2.55757 : g 2.35323 : g 2.35337 : g 60.7642 : g
—0.580713 4 0.179403i  0.0383904 + 0.999263i  0.821502 1.21728 —1.72297 + 0.490367:
60.7634 : g 2.64291 : g 3.31121: g 3.31126 : g 36.6368 : g
—0.536903 & 0.152805i  —0.317849 + 0.948141;
36.6394 : g 0.507215 : e
15
= 1(triple) —0.5 + 0.866025i 1.57356 + 0.496872i —0.577884 + 0.182475i  0.0264408 + 0.99965i 17
4
1:im 2.53037 : g 70.7198 i g 59.7887 i g 3.76707 i g
—1.7255 + 0.505059i —0.533808 + 0.156247i  —0.324346 + 0.945938i  0.958656 + 0.284569i
36.3568 : g 36.3582 : g 0.480419 : ¢ 4.00659 : g
169
—- (triple) —0.5 + 0.866025i —1.72376 + 0.494992i  —0.535935 + 0.153899i  —0.319854 & 0.947467i 17
44
1:im 2.54926 : g 36.5549 : g 36.5536 : g 0.499004 : e
0.759641 1.15969 —1.57248 + 0.489167i  —0.579829 4 0.180374i  0.0347331 + 0.999397;
115974 : g 1.15969 : g 60.4538 : g 60.4599 : g 3.74768 : g
1
—(9-iv3) 1 —0.5 + 0.866025i —1.92143 + 0.818354i —1.79644 — 0.91219; —0.630021 — 0.864907i 19
6
6.90218 : g 4.1659 : g 31.5087 : g 27.494 : g 4.0327 : g
—0.550242 4 0.755383i  —0.44255 + 0.224716¢ —0.440533 — 0.18627i  —0.131936 + 0.93079;  0.149286 — 1.0532i
4.08275 : g 27.4944 : g 31.5098 : g 1.44337 : g 4.5422 : g
—1.72507 + 0.772758i —1.59466 — 0.847944i  —0.559538 — 0.969453i  0.488867 + 0.250949i —0.482804 — 0.216276i
41.0434 : g 33.6117 : g 3.84089 : g 0.233621 : e 41.0417 : g
—0.446587 + 0.773754i  0.385411 + 0.886933i 0.41212 — 0.948397i
3.84085 : g 4.41108 : g 441107 : g
1
—(9+iv3) 1 —0.5 + 0.866025i —1.72507 — 0.772758i  —1.59466 + 0.847944: —0.559538 + 0.969453i 19
6
6.90218 : g 99046.8 : g 41.0434 : g 33.6117 : g 3.84089 : g
—0.488867 — 0.250949i  —0.482804 + 0.216276i  —0.446487 — 0.773754i  0.385411 — 0.886933i 0.41212 + 0.948397i
33.6102 : g 41.0417 : g 3.84417 : g 4.41108 : g 4.41107 : g
—1.92143 — 0.818354i  —1.79644 + 0.91219; —0.630021 + 0.864907i  —0.550242 — 0.755383i  —0.44255 — 0.224716i
31.5087 : g 27.494 : g 4.0327 : g 4.03275 : g 27.4944 : g
—0.440533 4 0.187627  —0.131936 — 0.93079i  0.149286 + 1.0532i
31.5098 : g 1.44337 : g 4.5422 : g
3
z 1 —0.5 + 0.866025i —1.66835 + 0.813206i  —0.484304 & 0.236092i  0.402652 + 0.915353¢ 17
2
6.91882 : g 0.999987 : e 37.8519 : g 37.8524 : g 4.44271 : g
—1.86617 + 0.865842i —0.59002 & 0.807389i —0.440939 + 0.204582;  0.147123 + 0.989118i
29.8889 : g 4.15236 : g 20.8884 : g 4.60883 : g
2 1 —0.5 + 0.866025i —1.80299 + 0.762859i  —0.47042 + 0.199038i  0.273409 + 0.961898i 17
7.19833 : g 1.00001 : g 30.4498 : g 30.4498 : g 7.10865 : g
—1.62146 + 0.712126i  —0.517006 + 0.227063i  —0.331734 + 0.943373;  0.470196 + 0.882562i
42.4157 : g 42.4172 . g 3.92442 : g 4.9401 : g
[TI'(n; ¢)| : m denotes that n is attractive, parabolic and repulsive if m = e(|Il'| < 1), m =
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an attractive point;

4821 4+ 14v/1 4821 — 14v/1
(o) If |¢| = 4821 + 144105 or |c| = u, then z = 1 is a parabolic
fned point 1284 1284
zed point;
169 4821414105 15 4821 —-14+/105

(d) Finally, if |c| < o e >

or |e|> 7o le| <
then z =1 is a repulsive point.

1284 1284 ’

Proof. Substituting z = 1 into II'(z; ¢), we achieve

62788 — 33312c 4+ 4416¢2 4(15697 — 8328¢ + 1104¢?)

' (1;0)] = | |=| .
— C C — C)|— C
9553 — 5256¢ + 720c2 (—41 + 12¢)(—233 + 60c)

1
It is casy to confirm that |TT'(1; o (1041 + 14V3))| = 0.

Let ¢ = x + iy be an arbitrary complex number, and solve |II'(1;¢)| < 1. Then

e can got 169 1o < 1821+ 14V105 4821 - 14VT05 _ PRt
We catl get T s e = 1284 ' 1284 = 1€ '

O

Figure 1 shows the stability plane for the strange fixed point z = 1.

3 3r
2 e
1 1k
>0 >oF
R af
B 2
R 3
4 3 2 1 0o 1 2 3 4
X

169 4821 + 14+/105 4821 — 14+/105
(a) ()2 <a? 442 < (——— ) (b) (—————~")% <«?
44 1284 1284

N

o

&

15
+9% < (=)
4

Figure 1: Stability planes for z =1

Further properties of 6(z) will be described in the following lemma to improve
the desired graphic stability.

1
Lemma 5. Let ¢ ¢ {5,3} and let m,m2,- - -,ms € C\{0} be eight roots of 6(z).

Then, 0(z) can be factored out with eight second-degree polynomials in the form of
8

0(2) = TT(1 + diz + 2%) = ﬁ(z —ni)(z — ni), where d; = —(n; + nl) or n; =

=1 =1 7 (2

1
5(—di —y/—1+4d?) for 1 <i <8 in terms of c.

Proof. Owing to Lemma 3 and Corollary 1, we find that if  # 0 is a strange fixed
1 1
point of TI(z; ¢) found from the roots of 6(z) = 0 for ¢ ¢ {5, 3}, then so is —.
n
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8 1

Consequently, the above factorization is valid. Then [] (z —n;)(z — —) is easily
i=1 i

acquired under the sixteen-degree polynomials 6(2). (1 + d;z + 22) can be obtained

1 1
by expanding (2 — —) and it is obvious that d; = —(; + —) holds.

With the aim of éontinuing to explore the stability of otfler fixed points from the
root of §(z), we need to find the root of 8(z) first by answering 6(z) = 0. Then, we
obtain 0(z) = 01(z) - 02(2), where 6;(z) = 1+ (6 — ¢)z + (15 — 4¢)2? + (20 — 6¢)23 +
(21 —6¢)2" 4 (20 — 6¢)2° + (15 —4c)28 + (6 — )2 + 28, 02(2) = 1+ (T— )z + (21 —
5¢)2% + (35 — 10¢)2% + (41 — 12¢)2* + (35 — 10¢)2® + (21 — 5¢)28 + (7 — ¢)27 + 25.

4
By comparing the expansion of [] (1+d;z+ 22) with the coefficients of the same
i=1

order term of 0 (z) and 03(z), we find that the following two groups of four equations
are related to dq,ds, - - - ,ds,

di+da+ds+di=6—c,

4+ dide + dids + dads 4+ dids + dads + d3sds = 15 — 4c,

3(d1 + d2 + ds + da) + did2ds + didads + didzds + dadsds = 20 — 6,
6 + 2(d1d2 + dids + dida + d2ds + dada + dsda) + did2dszds = 21 — 6e.

(12)

and
ds +de +dr+ds=T7—c,
4+ dsde + dsd7 + ded7 + dsds + deds + d7ds = 21 — be,
3(d5 +de +d7 + ds) + dsded7 + dsdsds + dsdrds 4+ ded7rdg = 35 — 10c,
6 + 2(d5d6 + dsd7 + dsds + ded7 + deds + d7d8) + dsdedrds = 41 — 12¢.

We eliminate variables dg, ds, dy in (12) utilizing Mathematica to ultimately access
a decic equation in d; below:
(2 + 3dy — 4d3 + d3)c — 2dy + 11d7 — 6d; +dif —7=0

For convenience, we let 9(dy; ¢) denote (24 3da —4d3 +d3)c—2dy +11d3 —6d5+d — 7.
Eliminating di, ds, d4;d;, d2, dgand dy, do, d3, respectively, we acquire a unique decic
equation in r € {dy,ds, ds,ds} as follows: ¥(r;c) = 0.

Next, we answer the roots of ¥(r;c) and get:

di(c) = o §M(c) - §N(c),
da(e) = S C ~ TM(e) + 3N (e),
dy(e) = “ + M (e) - gN(o),
4i(e) = 5 + SM(E) + 5N (o),

i L oo g A0, o)
—11+§(11—4C)+Z(—6+C) +4C+30(c)+p(c)’
(
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() =2Y3(1 —de+7¢2), 0(c) = 4(11 — 4¢) (=6 + ¢) — (=6 4 ¢)® — 8(—2+ 3¢), 0(c) =
(322 — 204c 4 21¢% + 34¢® — \/v(c))Y/3, p(c) = 3 x 213, v(c) = 103680 — 131328¢ +
54864c? + 14256¢3 — 15363¢* + 3780¢° — 216¢°.

Solving the expression for ds, dg, d7, ds is the same method.

1
Then, substituting d;(c) for n; = 5(—d¢ —y/—4+d?),i=1,2,3,4,5,6,7,8. The
result is a c-dependent strange fixed point of II. O

Definition 3 (Unified image(line or plane)). Let Q@ = {(z,y) e NxN:1 <z <
Qz,1 <y < Qy}, where Q, and Q, are the number of pizels of the image Y and
D={2€Z:0<z<255}. Let Yp,Ye,Yr : Q — D be the intensity of blue, green
and red of the pizels of an image Y, respectively.

The binary image T : Q@ — {0, 1} is defined as

Cf0if Yr=0Ye=1Yp=1
Ol Lif Yr=1,Yg=0,Yg=1
Let Xp ={zpr,i=1,2,...,k} be the set of k strange fized points, and let F; be their

associated binary images, i = 1,2,..., k. The unified stability images V : T — {0,1}
are defined as V = Hle F;.

In order to demonstrate the stability for other c-dependent strange fixed points
7 contributed from the roots of 8(z) = 0 in (10), we would better use the graphical
method described in Algorithm 2.4 of [9]. For each root n; of 8(n) = 0, the stability
planes are shown in Figure 2 for each root n; of 8(n) = 0.

= . léﬂ
- - -il

(e) m5 (f) me (8) n7 (h) ns

Figure 2: Stability planes of the strange fized points n;, 1 < j < 8 from the roots of 0(n)

Figure 2 shows the stability planes of strange fixed points depending on param-
eter c.

In figures 2-3, we use a plane of 500 x 500 to represent the stability plane of the
fixed point, and the maximum number of iterations is 25. According to Definition
3, Figure 2 can be uniformly represented by Figure 3. Among them, the cyan
region indicates that the fixed point is attractive. We are mainly interested in the
parameters in the pink region, because the iterative methods corresponding to the
parameter values in the pink region do not converge to extra fixed points. Comparing
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Rele)

(a) Unified stability plane (b) Detail of (a)

Figure 3: Unified stability plane

Figure 3 (b) with Figure 2 in reference [13], it can be seen that the OM method is
more stable than the method in [13] in the same range.

4. Dynamical planes

In the previous sections, by analyzing theorems 4-6, we obtain some special param-
eter c-values. Combined with Figure 3, we find that most of these special values
are in the pink region. Therefore, we will use the dynamical planes to analyze the
stability of the iterative method corresponding to these special parameter values.

This section gives the dynamical plane of the new family OM (6) with a given
c-value. By using Matlab to run the program in [3], we obtain the dynamical planes
of (6). We use a 500 x 500 points grid to generate dynamical planes, the maximum
number of iterations is 50. Each color represents an attraction basin: convergence
to 0 and oo is represented by red and yellow in sequence. If it converges to the fixed
point z = 1, it shows green. If it does not converge to any root, it shows black. And
we draw the track in blue. In addition, we use white “x” to represent the attractive
points.

Firstly, we show the dynamical planes corresponding to the special c-values stud-
ied in theorems 4 and 5, that is, c € {3, 41,238 15 169 "1(9_;\/3) 1(9+iv/3),3 2 3}
in Figure 4, respectively. Figures 4(a), 4(f) and 4(g) have only red and yellow re-
gions, that is, in 50 iterations, it only converges to 0 and oo, indicating that the
c-value has good convergence; other special values have black areas, but it can be
seen from Figure 4(h) and Figure 4(i) that the black area of Figure 4(h) is smaller
than that of Figure 4(i), indicating that ¢ = % is relatively stable.

In addition, when ¢ = —24,7 + 74,2.92 4 6.92¢, they correspond to the pink area
in Figure 3, and when ¢ = 2.5¢, —67, 7.6 4 1.8¢, they correspond to the cyan area. By
drawing the dynamical planes corresponding to these parameters, it can be seen that
even if the stable parameter value is selected in the stable region, the corresponding
dynamical planes also have black regions, that is, the region that does not converge
to the roots, see Figure 5.
Besides, ¢ = %, 9ié‘/§ correspond to the pink region in Figure 3, that is, the
iterative method does not converge to the extra fixed points. By observing figures
4(a), 4(f), 4(g9) and figures 5(a), 5(b), 5(c), it can be concluded that the stability
of the iterative methods corresponding to the parameter values in the cyan region
must not be good, and the c-values in the pink region are more stable.
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oo

15

@ e= () e= 1 (@ =20 @e=" © =2
(f)a:g—(jﬁ (g)c:“ﬁ?"/g () c=3 (i) e=2 (§) e=3

Figure 4: Dynamical planes of special ¢ values

® O

Rete)

(b) c=7+Ti (c) ¢ =2.92+6.92¢
(d) ¢=2.5¢ (e) c = —61 f) ce=764+1.8¢

Figure 5: Dynamical planes of special ¢ values

In the above discussion, we can see that these methods corresponding to ¢ =

1 9%‘/5 are superior to the other members of the new family OM (6).

5. Numerical experiments

In this section, based on the results obtained in the previous sections, we conduct
several numerical experiments.

5.1. First experiment: Solving nonlinear equations

Table 2 gives four nonlinear equations and their zeros and the initial values of subse-
quent iterations. Tables 3-6 show the numerical performance of the iterative methods
related to the c-values involved in theorems 4 and 5, which are used to compare the
effects of different parameter selections on the convergence accuracy.

Tables 3-6 show the comparison results of the effective digits of each test function
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after 4 iterations. It can be seen from tables 3-6 that the accuracy is higher when
¢ = 3. Regardless of ¢ = £(9 — iv/3) or ¢ = 19+ iv/3)), their operation results are

the same.

fi(z)

zo

(%

W N | .

1121t —1

10ze ™ —1

cos(zx)—b-:cz—w 2

1.7 1.6796306104284499
2.0347248962791266

0.8 0.80413309750366432
0.6391540963

4 cos(x) —we® + x> 0.5

Table 2: The function f;(x) initial guesses xo and zeros a

c |x1 — o] |x2 — x1] |x3 — x2| |xa — x3]
1/2 2.0369 x 1072 1.4167 x 10" 6.4532 x 10719 1.1962 x 10~
41/12 2.0369 x 1072 24701 x 107'*  1.0196 x 10797  8.5893 x 107573
233/60 2.0369 x 1072 4.9603 x 107'*  5.4598 x 107197 1.1762 x 1073
15/4 2.0369 x 1072 4.2534 x 107" 1.365 x 10717 1.5353 x 107%%
169/44 2.0369 x 1072 4.7358 x 107'*  3.5955 x 107197 3.9695 x 10732
(1/6)(9 —iv/3) 2.0369 x 1072 8.4034 x 107" 5.986 x 10715 3.968 x 10753
(1/6)(9 +1iv3)  2.0369 x 1072 8.4034 x 107 5.986 x 1071%° 3,968 x 10783
3/2 2.0369 x 1072 8.2444 x 107**  5.04 x 107'%°  9.8315 x 1075%
2 2.0369 x 1072 5.371 x 107" 1.0758 x 10719 2.787 x 10758
3 2.0369 x 1072 2.0867 x 107*°  2.2401 x 107'*°  3.952 x 1079

Table 3: Comparison for test function fi and special c-values

c |z1 — o] |x2 — x1] |x3 — x2| |xa — x3]
1/2 3.4725 x 1072 2.8598 x 10~ 4.9201 x 10~ %% 3.7759 x 10~ °™*
41/12 3.4725 x 1072 4.2907 x 107 2.0192 x 10719 4.8573 x 1075
233/60 3.4725 x 1072 9.2261 x 1071 1.9942 x 10716 9.4995 x 10738
15/4 3.4725 x 1072 7.8247 x 107" 4.5181 x 107197 5.5831 x 107%%
169/44 34725 x 1072 8781 x 107 1.277 x 1071 2.555 x 10784
(1/6)(9 —iv/3)  3.4725 x 1072 1.721 x 107" 5.1895 x 1071 3.5466 x 1075%
(1/6)(9 +1iv3) 34725 x 1072 1.721 x 107 51895 x 10719 3.5466 x 10752
3/2 3.4725 x 1072 1.6907 x 10713 4.4225 x 107'%*  9.6922 x 1075%°
2 34725 x 1072 1.1228 x 107 1.1211 x 107 1.1071 x 107%*
3 3.4725 x 1072 1.8859 x 107*®  1.0277 x 107'?'  7.9933 x 10772

Table 4: Comparison for test function fa and special c-values
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c |x1 — o] |x2 — x1] |x3 — x2| |xa — x3]

1/2 41331 x 1077 6.799 x 10~ 3.1765 x 1070 7.2104 x 10~ "
41/12 41331 x 107%  1.9676 x 107 5.0902 x 10719 1.0214 x 1078%°
233/60 41331 x 107%  3.2545 x 107" 4.7093 x 10719 9.0517 x 10734
15/4 41331 x 107%  2.8898 x 107 1.6148 x 107" 1.5348 x 10787
169/44 41331 x 107%  3.1387 x 107 3.3982 x 10719 6.4147 x 107%!°
(1/6)(9 —iv3) 41331 x 107%  3.7441 x 10™'*  1.5072 x 10712 1.0395 x 1073%°
(1/6)(9 +14v/3) 4.1331 x 107%  3.7441 x 10'*  1.5072 x 10712 1.0395 x 1073%°
3/2 41331 x 107%  3.6442 x 107**  1.1801 x 107%%%  1.4276 x 10781°

2 41331 x 1073 2.1272 x 107" 9.2806 x 107'%°  1.2181 x 107%%7

3 41331 x 1073  7.9324 x 1075 1.487 x 10719 2.2678 x 10758

Table 5: Comparison for test function f3 and special c-values
c |z1 — xo| |z2 — x1] |x3 — x2] |xa — x3]

1/2 1.3915 x 1071 2.0403 x 10°° 4.0858 x 10~°®*  1.0567 x 10~
41/12 1.3915 x 1071 4.3804 x 107°  6.5978 x 107%°  1.7479 x 10757
233/60 1.3915 x 1071 7.1755 x 1077 5.4981 x 107%7  6.533 x 107?32

15/4 1.3915 x 1071 6.4004 x 107°  1.9653 x 107%7  1.5534 x 107°%°
169/44 1.3915 x 107! 6.9308 x 107°  4.0226 x 10757  5.1789 x 107°33

(1/6)(9 —iv/3) 1.3915 x 107" 1.037 x 10™®  1.0031 x 10%  7.6881 x 107522
(1/6)(9 +14v3) 1.3915 x 107" 1.037 x 10™®  1.0031 x 10%  7.6881 x 107522
3/2 1.3915 x 1071 1.0113 x 107%  7.9531 x 107%  1.164 x 107522

2 1.3915 x 107" 5.7728 x 107 5.063 x 107%  1.7726 x 10730

3 1.3915 x 107" 1.6764 x 107  1.3898 x 10™"*  3.1028 x 10~>""

17

Table 6: Comparison for test function f4 and special c-values

5.2. Second experiment:
sign function

The comparison of solving matrix

The OM iterative method has advantages not only in terms of solving nonlinear
equations, but also in terms of solving matrix sign functions. Firstly, we consider a
nonlinear matrix function

X2 -T1=0, (13)
where [ is an identity matrix. We can obtain the reciprocal form of the following
iterative by applying (13) to (6), where ¢ = 3:

Xnp1 =4(X, — 15X3 +196X5 — 652X, + 2686X5 + 23694X 1" + 55284 X% + 39812X,°
+9417X2T + 649X,°) x [I — 10X + 117X, 4 392X5 — 2574 X5 + 42116 X,° (14)
+ 165570 X% 4 218248 X 1* + 88013X 1% + 12150X,° + 265X2°] !

Besides, we will apply (14) to resolve the matrix sign for the famous Wilson matrix.
It has the following form:

107 8 7
756 5
A= 8 610 9
759 10

In the calculation process, we use Matlab to record the number of iterations and
computer running time to meet the stopping termination R,, =|| X2 —1 [lo< 107190,



18 X.WANG AND W. LI

At the same time, we also carry out the same numerical experiments on the following
eighth-order iterative methods, and get the experimental results, see Table 7. Table
8 shows the experimental results of four methods applied to solve random matrices
of different orders. From tables 7 and 8, we can obtain that the OM method has
advantages in both iterative count and CPU time.

Method 1
The method by Sharma et al. M1, see [18], is
L fG)
fi(an)’
o TCwa) () +af(w)
n — n f/

n f n)+ -2 f n ’
s I QR
T T P il wn] + QF (@) + R [wn, 0]

where P = (2, — wp)f(zn)f(wn), Q@ = (wn — 2,)f(wn)f(z,) and R
Zn)f(zn) f(zy). Here, we select a = 1.

(xn)7

|
—~
N
3
I

Method 2
The method by Sharma and Sharma M2, see [19], is
_ San)
A
Tn Wn
T e, gt
Zn Zn Tn,Wn Zn
n = Zn — 1 + + 5
Fre = o Y T R Tl 2l f o ]
where o € R, and we select o = 1, here.
Method 3
The method by Chun and Lee M3, see [4], is
_ . f(&a)
T ?((xn))y 1
Yn
An = Yn — &
o (1= Jy
Tn4+1l = Zn — f(zn)
F(en) (= Htw) = I(om) = Plun) 2
where

2 S Un
H(tn):_B_’Y+tn+3_EuJ(Sn):B""?uP(un):/Y""?a

and t, = ;83, Sy = }[((;737 Up = ;EZZ;, 8,7 € R. We select 8=~ =1.

oM M1 M2 M3
Number of iterations 4 5 4 5
Time 0.034760s  0.061319s  0.080200s  0.087021s

Table 7: Comparison results (1)
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oM M1 M2 M3
Matrix No. n! Time n Time n Time n Time
Raxa 2 0.018940 2 0.025878 3  0.039122 5 0.103771
Rsx5 3 0.015431 4 0.028522 6 0.012384 13  0.144543
Rsxs 3 0.015703 4 0.031779 4 0.037287 45  0.191979
Riox10 4 0.065667 5 0.051149 6 0.080007 35  0.157630
Risx15 5 0.034656 6 0.041282 5 0.051692 148 0.360147
Ra20x20 4 0.061849 5 0.078071 7 0.130622 42  0.276220

1 n represents the number of iterations

Table 8: Comparison results (2)

6. Conclusions

In this paper, the stability of an optimal eighth-order single-parameter OM iterative
method for solving nonlinear equations is analyzed. Applying to the prototype
polynomial f(z) = (z — a)(z — b), iterative maps (9) under the Mébius conjugacy
map are obtained, and the strange fixed points and their stability are analyzed. At
the same time, we have investigated the complex dynamical behavior of OM at fixed
and critical points. Through the analysis of the stability planes in figures 2-3 and
dynamical planes in figures 4-5, we conclude that if the parameters are selected in the
cyan region, the stability of the corresponding iterative method must not be good.
However, parameters in the pink area are more stable. We verify the conclusion
by drawing their dynamical planes. In particular, when ¢ = %, %(9 + 2\/§), their
corresponding iterative methods are the most stable. Numerical experiments show
that the iterative method studied in this paper is superior to other eighth-order
methods in some cases, whether in solving nonlinear equations or solving matrix
sign function, especially ¢ = 3.
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